Following a construction of Stanley we consider toric face rings associated to rational pointed fans in R d . This class of rings is a common generalization of the concepts of Stanley-Reisner-and affine monoid algebras. The main goal of this note is to unify parts of the theories of Stanley-Reisner-and affine monoid algebras. We consider (non-pure) shellable fan's and the Cohen-Macaulay property. Moreover, we study the local cohomology, the canonical module and the Gorenstein property of a toric face ring.
INTRODUCTION
In this article K always denotes a field. Several types of K-algebras appear naturally in combinatorial commutative algebra. On the one hand let ∆ be a simplicial complex on the vertex set [n] = {1, . . ., n}, i.e. ∆ is a set of subsets of [n] such that for F ⊆ G ∈ ∆ we have F ∈ ∆. Consider the Stanley-Reisner ring K[∆] associated to ∆. The relationship between simplicial complexes and Stanley-Reisner rings has important applications especially in algebraic combinatorics. Since the first papers by Hochster, Reisner and Stanley (see e.g. [15] , [17] and [18] ), many people studied this subject. For a detailed discussion see Bruns-Herzog [9] or Stanley [20] . On the other hand let M be an affine monoid, i.e. M is a finitely generated commutative monoid which can be embedded into Z d for some d ∈ N. Let K[M] be the affine monoid ring associated to M. Also the relationship between algebraic properties of K[M] and monoid properties of M was intensively studied in many papers, which is e.g. of particular interest for the theory of toric varieties. See Bruns-Herzog [9] or Bruns-Gubeladze [8] for details and known results.
Usually Stanley-Reisner rings and affine monoid algebras are studied separately and there is no deep connections between these two theories. The main goal of this paper is to present a class of K-algebras which include Stanley-Reisner rings and affine monoid algebras, and to study algebraic properties of these rings motivated by known results from the two special cases. For this we recall a construction of Stanley in [19] . Let Σ be a rational pointed fan in R d , i.e. Σ is a finite collection of rational pointed cones in R d such that for C ′ ⊆ C with C ∈ Σ we have that C ′ is a face of C if and only if C ′ ∈ Σ, and if C,C ′ ∈ Σ, then C ∩C ′ is a common face of C and C ′ . The toric face ring K[Σ] of Σ over K is defined as follows. As a K-vectors space K[Σ] has one basis element x a for every a ∈ C∈Σ C ∩ Z d . Multiplication in K[Σ] is defined by the following rule:
x a+b , if a and b are elements of a common face C ∈ Σ; 0, otherwise.
Then K[Σ] is naturally a Z d -graded K-algebra. There are several other descriptions of these type of rings. E.g. consider the affine monoid rings K[C ∩ Z d ] and the natural face
for C,C ′ ∈ Σ such that C ′ is a face of C. Then one can show that K[Σ] is the inverse limit lim ← − K[C ∩ Z d ] over that systems of rings. This was the main point of view in [4] where the local cohomology groups of rings of such type were studied systematically. A presentation of the toric face ring K [Σ] was computed besides other things in [6] , and initial ideals of the presentation ideals were considered in [5] .
There exist two extremal cases. If the fan is the face poset Fan(C) of a single rational pointed cone C, then K[Fan(C)] = K[C ∩ Z d ] is just a normal affine monoid ring. On the other hand, if Σ is a simplicial fan, i.e. all cones C ∈ Σ are simplicial, then Σ is as a poset isomorphic to an abstract simplicial complex with Stanley-Reisner ring K [Σ] . In fact it is easy to see that every Stanley-Reisner ring appears as a toric face ring as was observed in [4, Example 3.2] . Thus these example show that toric face rings are indeed a common generalization of the concepts of Stanley-Reisner-and affine monoid rings. Further examples of toric face rings are polytopal algebras associated to (embedded) polytopal complexes as studied by Bruns-Gubeladze in [7] or [8] .
This paper is organized as follows. In Section 2 we construct a slightly more general toric face ring K[M Σ ] for a monoidal complex M Σ , which is a set of affine monoids {M C ⊆ Z d : C ∈ Σ} such that cn(M C ) = C for C ∈ Σ; and if C,C ′ ∈ Σ, C ′ ⊆ C, then M C ′ = M C ∩ C ′ . Choosing the monoids N C = C ∩ Z d for C ∈ Σ gives rise to the toric face ring K[Σ] of Σ. We also determine the Z d -graded prime and radical ideals of this class of toric face rings. Many of our results in this paper hold for these type of Kalgebras. Especially one has not to require that the monoid rings are normal. Observe that is possible to extend our constructions in various way and some of our results hold more generally. One could consider non-embedded monoids glued together corresponding to the given fan, or to consider other structures like a poset instead of a fan. Since we searched for a class of rings which include the classical ones, and we get nice and clean "embedded results" using fans, we restricted ourself to this situation.
Analogously to the notion of (non-pure) shellable simplicial complexes, constructions of Björner-Wachs [1, 2] lead to the definition of (non-pure) shellable fans. See Section 3 for details. Theorems 3.2 and 3.5 in Section 3 show that well-known results for Stanley-Reisner rings generalize to toric face rings. More precisely, we can prove:
Theorem. Let M Σ be a monoidal complex supported by a rational pointed fan
In particular, (i) and (ii) can be applied to the toric face ring K[Σ] of Σ.
In Section 4 we consider the local cohomology groups H i
We present explicit complexes which compute the local cohomology groups H i m (K[M Σ ]). In particular, in Corollary 4.7 we show that one can obtain Hochster type formulas for the local cohomology of the toric face ring K[Σ], and we get a direct proof of a variation of the main result of [4] applied to toric face rings avoiding the technical machinery developed in that paper.
Theorem. Let Σ be a rational pointed fan in R d and a ∈ Z d . Then
as Z d -graded K-modules.
Here star Σ (C) = {D ∈ Σ : C ⊆ D} is the star of C which is also a poset ordered by inclusion. ∆(star Σ (C)) is the order complex of the poset star Σ (C) \ {C}, which is the simplicial complex where the faces are the chains of star Σ (C) \ {C}, and H i−dimC−1 (∆(star Σ (C))) denotes the simplicial cohomology of the simplicial complex star Σ (C) with respect to K.
In Section 5 we compute the Z d -graded dualizing complex for a toric face ring
. This results are generalizations to those ones known for Stanley-Reisner rings (see [9, 13, 14] ).
Finally, in Section 6 we characterize Gorenstein toric face rings.
) be the reduced Euler-characteristic of ∆(star Σ (C)). In Theorem 6.1 we show:
In particular, if σ = 0, then χ Σ (C) = (−1) dim Σ−dimC for all C ∈ Σ.
With an additional assumption we can prove in Theorem 6.4 also a converse statement.
Theorem. Let Σ be a rational pointed fan in R d . Assume that K[Σ] is strongly graded, Cohen-Macaulay and there exists σ ∈ Z d such that for all C ∈ Σ we have:
Then K[Σ] is Gorenstein. In particular, if σ = 0, then the latter condition reduces to
The fan Σ is called an Euler fan if Σ is pure (i.e. all maximal cones of Σ have the same dimension), and χ Σ (C) = (−1) dim Σ−dimC for all C ∈ Σ. Now we can show the following:
Theorem. Let Σ be a rational pointed fan in R d and assume that K[Σ] is strongly graded. Then following statements are equivalent:
is Cohen-Macaulay and Σ is an Euler fan;
The remaining part of Section 6 is concerned with the question how to relate a Gorenstein toric face ring K[Σ] such that ω K[Σ] ∼ = K[Σ](−σ ) for some 0 = σ ∈ Z d to a Gorenstein toric face ring of an Euler fan.
The authors are grateful to Prof. W. Bruns for inspiring discussions on the subject of the paper.
TORIC FACE RINGS
In this section we introduce toric face rings and study related ring properties. In particular, we determine the graded prime spectrum and graded radical ideals. Let Σ be a fan in R d . In the following we consider Σ sometimes also as a partially ordered set, ordered by inclusion. We say that Σ is rational and pointed respectively, if all cones in Σ are rational and pointed respectively. Choose a set of affine monoids M Σ = {M C ⊆ Z d : C ∈ Σ} such that:
In this situation we call M Σ an monoidal complex supported by Σ. Note that here we do not require that M C is normal. Observe that Σ has to be rational in this case. That Σ is pointed is equivalent to the fact that all affine monoids M C are positive, i.e. 0 is the only invertible element in M C . We set |M Σ | = C∈Σ M C . We say that M Σ has a property E if all monoids M C satisfy E. E.g. M Σ is called Cohen-Macaulay and Gorenstein respectively, if all affine monoids M C are Cohen-Macaulay and Gorenstein respectively.
Let K be a field. The toric face ring K[M Σ ] of M Σ (over K) is defined as follows: As a K-vectors space K[M Σ ] has one basis element x a for every a ∈ |M Σ |. Multiplication in K[M Σ ] is defined by the following rule:
x a+b if a and b are elements of a common monoid of M Σ , 0 otherwise.
K[M Σ
] is a Z d -graded ring, and throughout this paper the attributes 'graded' and 'homogeneous' refer to the Z d -graduation of K[M Σ ] if not stated otherwise.
We are in particular interested in the following situation. Choose N Σ = {C ∩ Z d : C ∈ Σ}. Then by Gordan's lemma the elements of N Σ are all normal affine monoids and K[Σ] = K[N Σ ] is called the toric face ring of Σ which was defined and studied by Stanley in [19] . Now let M Σ be a monoidal complex supported by a rational pointed fan Σ in R d . Naturally Z d -graded prime and radical ideals are induced from Σ. On the one hand for
associated to the affine monoid M C , which is an integral domain. On the other hand let Σ ′ ⊆ Σ be a subfan, M Σ ′ the induced monoidal complex and set
, which is reduced. The next lemma shows that every graded prime and radical ideal is of the presented forms. In particular, m = p 0 is the unique Z d -graded maximal ideal of K[M Σ ] which is also maximal in the usual sense.
Proof. The injectivity of the assignments in (i) and (ii) is clear and it remains to prove the surjectivity.
is an irrendundant primary decomposition of 0 and thus we have that the p C for the maximal cones C are exactly the minimal prime
, the conclusion of (i) follows now from [9, Theorem 6.1.7]. The surjectivity of the assignment in (ii) follows from (i), since each radical ideal is the intersection of its minimal prime ideals.
Recall that Σ is called pure if all maximal cones in Σ have the same dimension. Using the irrendundant primary decomposition of 0 we immediately obtain:
In subsequent sections we need the following useful variation of [10, Lemma 4.2]. Lemma 2.3. Let M Σ be a monoidal complex supported by a rational pointed fan Σ in R d and C 1 , . . . ,C j , D ∈ Σ. Then we have in K[M Σ ] the following equalities:
Thus they are monomial ideals in this ring. Their bases as K-vector spaces are subsets of the set of monomials x a , a ∈ |M Σ |. Using this fact it is easy to check the claimed equalities.
SHELLABLE FANS
In this section we present combinatorial conditions which imply that a toric face ring is Cohen-Macaulay and sequentially Cohen-Macaulay respectively. The results generalize well-known results for Stanley-Reisner rings.
Let Σ be a rational pointed fan in R d . In the following ∂C denotes the boundary of a cone C ∈ Σ. The fans Fan(C) and Fan(∂C) are the set of faces of C and ∂C respectively. Observe that they are subfans of Σ. Assume that Σ is pure k-dimensional, i.e. the facets of Σ have all the same dimension k. Recall from [2] that a shelling of Σ is a linear ordering C 1 , . . .,C s of the facets of Σ such that either k = 0, or the following two conditions are satisfied:
(i) Fan(∂C 1 ) has a shelling.
(ii) For 1 < j ≤ s the fan Fan(∂C j ) is pure k − 1-dimensional and there exists a shelling D 1 , . . . , D t j of Fan(∂C j ) such that
Σ is called shellable if it is pure and has a shelling. Note that the assumption that Fan(∂C 1 ) has a shelling could be omitted since by Brugesser-Mani the boundary of a cross-section of C 1 has a shelling and thus C 1 has also one. Also Fan(∂C) is always pure of dimension dimC − 1. So we may only ask that for 1 < j ≤ s there exists a shelling D 1 , . . ., D t j of Fan(∂C j ) such that
Fan(D l ) for some 1 ≤ r j ≤ t j . As shellability of a simplicial complex implies that the corresponding Stanley-Reisner ring is Cohen-Macaulay, we have that shellability of fans imply Cohen-Macaulayness of the corresponding toric face rings if some mild assumptions are satisfied. More precisely, we have: Proof. Let Σ be pure k-dimensional and C 1 , . . . ,C s be a shelling of Σ. We may assume that k > 1. For j = 1, . . ., s consider the subfans
We show by induction on j that
Let j > 1. We denote by Π j the fans
It is important to observe that Π j is pure k − 1-dimensional and again shellable by the very definition of shellability of Σ. Observe that
where the latter equality follows from Lemma 2.3. Consider the following homomor-
and the associated short exact sequence:
The crucial point is that Π j is shellable and pure k − 1-dimension. Thus we may also conclude by induction on k
It remains to note that by Hochster the affine monoid rings
We saw that the shellability of Σ implies that K[Σ] is Cohen-Macaulay (over any field). One can weaken the notion of shellability. As defined by Björner and Wachs [1] , one calls Σ non-pure shellable if Σ admits a shelling without the assumption that Σ has to be pure, i.e. Σ is non-pure shellable if there is a linear ordering C 1 , . . .,C s of the facets of Σ such that either k = 0, or the following two conditions are satisfied:
Fan(D l ) for some 1 ≤ r j ≤ t j . We need the following Lemma about non-pure shellings which is analogue to the corresponding results [1, Lemma 2.6] for simplicial complexes.
In other words, if there exists a shelling of Σ, then there exists also one such that the dimensions are decreasing.
Proof. Let dim Σ = k. Let C m 1 , . . . ,C m s be the rearrangement obtained by taking first all facets of dimension k in the order of the given shelling, then all facets of dimension k − 1 and continuing in this way. Let σ be the permutation with σ ( j) = m j for j = 1, . . ., s.
We claim that C m 1 , . . . ,C m s is again a shelling of Σ. For this it is enough to prove that for all 1 < j ≤ s we have
since the right hand side is the pure shellable subfan r m j l=1 Fan(D l ) of Fan(∂C m j ) by assumption. It is enough to show that the facets of the left and right fan respectively are contained in the right and left fan respectively.
The facets of the right hand side of (1) are of the form C i ∩C m j = D l for some i < m j and 1 ≤ l ≤ r m j . But then dimC i ≥ dim D l + 1 = dimC m j and thus by the choice of the of the new order of the facets of Σ there exists an k < m j such that m k = i and D l ∈
The facets of the left hand side of (1) are of the form D = C m i ∩C m j for some i < m j . Note that then dimC m i ≥ dimC m j . If m i < m j , then D is trivially an element of the right hand side of (1) . Assume that there exist j and i with m i > m j and C m j comes after C m i in the "new" shelling.
Choose a pair j, i with i minimal over all such choices. Since Σ is shellable, there exists an n < i such that D ⊆ C n ∩C i and dimC n ∩C i = dimC i − 1. Then
This is a contradiction to the minimality of i. Thus we conclude that we found a new shelling of Σ such that the dimension of the facets in the new order are decreasing.
On the algebra side one defines the notion of sequentially Cohen-Macaulay modules. Let K be a field and S = K[x 1 , . . ., x n ] be a Z d -graded polynomial ring with 0 = deg(
In the definition of a sequentially Cohen-Macaulay module we required to have strict inequalities of the dimensions. A little weaker assumption implies also sequentially Cohen-Macaulayness as the next result shows. In particular, if a finitely generated
Proof. We prove by induction on i ∈ {1, . . . , s} that N i /N 0 is Cohen-Macaulay of dimension k.
For i = 1 we have that N 1 /N 0 is Cohen-Macaulay of dimension k by assumption. Let i > 1 and consider the following short exact sequence
Assume now that a finitely generated
Now we apply our results to toric face rings. Proof. Let Σ be k-dimensional and C 1 , . . . ,C s be a non-pure shelling of Σ. By Lemma 3.3 we may assume dimC 1 ≥ · · · ≥ dimC s . The cases k ≤ 1 are trivial, thus let k > 1. For j = 1, . . ., s consider again the subfans
is a Cohen-Macaulay ring by assumption we proved the case j = 1.
Let j > 1. Consider the fans
It is important to observe that Π j is pure of dimension dimC j −1 and shellable. Thus we know by Theorem 3.2 that K[W j ] is Cohen-Macaulay of dimension dimC j − 1. We consider the filtration
and claim that 
where the last isomorphism follows from Lemma 2.3. Consider the following short exact sequence
is Cohen-Macaulay of dimension dimC j − 1 as was noted above. By standard arguments
LOCAL COHOMOLOGY
In this section we define a complex which computes the local cohomology of a toric face ring in a similar way as it was done for an affine monoid ring in [9, Section 6.2]. Let Σ be a nontrivial rational pointed fan in R d . We consider the intersection X of Σ with the unit sphere S d−1 and the set Γ Σ = relint(C) ∩ S d−1 : C ∈ Σ . Here relint(C) denotes the relative interior of C with respect to the subspace topology on the vector space generated by C. For a cone C ∈ Σ we denote by e C = relint(C) ∩ S d−1 the corresponding element of
The elements e C are called open cells. Then (X , Γ Σ ) is a finite regular cell complex. The dimension of Γ Σ is given by dim Γ Σ = max{i : Γ i Σ = / 0}(= dim Σ − 1). An element e C ′ is called a face of e C if e C ′ ⊂ē C , i.e. C ′ is a face of C.
There exists an incidence function ε on Γ Σ , i.e. ε assigns to each pair (e C , e C ′ ) with e C ∈ Γ i Σ and e C ′ ∈ Γ i−1 Σ for some i ≥ 0 a number ε(e C , e C ′ ) ∈ {0, ±1} such that the following is satisfied: ε(e C , e C ′ ) = 0 if and only if e C ′ is a face of e C , ε(e C , / 0) = 1 for all 0-cells e C , and if e C ∈ Γ i
where e C 1 , e C 2 are those uniquely determined (i − 1)-cells such that e C j is a face of e C and e C ′ is a face of e C j . Given a cell complex (X , Γ Σ ) of dimension k − 1, we define the augmented oriented chain complex of Γ Σ by
and for e C ∈ Γ i Σ the differential is given by ∂ (e C ) = ∑ e C ′ ∈Γ i−1 Σ ε(e C , e C ′ )e C ′ . We set H i (Γ Σ ) = H i (C . (Γ Σ )) for the homology of C . (Γ Σ ). The next corollary will be useful in the following. Let M Σ be a monoidal complex supported by Σ and K a field. For C ∈ Σ we denote by
. This is the localization with respect to the set of homogeneous elements of K[M Σ ] not belonging to p C . Let
where ε is the incidence function chosen for Σ. It follows from the properties of an incidence function, that 
Proof. We follow the pattern of the proof of [9, Theorem 6.2.5]. We only sketch the arguments and the main differences to the latter proof. In order to prove the isomorphism, we 
Since p * is a graded prime ideal, it follows from Lemma 2.1 that we obtain a cone C p * ∈ Σ such that p * = p C p * . Thus
Hence we can assume that Σ is the fan associated to the cone C p * , and this case was treated in the proof of [9, Theorem 6.2.5].
Next we are interested in the following question: Let Σ be a rational pointed fan in R d and suppose that Σ is the union of two subfans, Σ = Σ 1 ∪ Σ 2 . Then one is interested in the relationship between the local cohomology of toric face rings with respect Σ and the local cohomology of toric face rings with respect to Σ 1 , Σ 2 and Σ 1 ∩ Σ 2 , i.e. we are searching for a Mayer-Vietoris type of formulae.
Note the following. Let Σ ′ be an arbitrary subfan of Σ. Then M Σ ′ denotes the induced submonoidal complex associated to Σ ′ . Observe that the toric face rings K[M Σ ′ ] is a residue class ring of K[M Σ ], and the class image of m is the maximal ideal of K[M Σ ′ ].
Thus the local cohomology groups of K[M
. Because of this fact and to avoid cumbersome notation we always write H i 
We get the induced short exact sequence of Z
Recall that we called the toric face ring of the monoidal complex N Σ = {C ∩Z d : C ∈ Σ} the toric face ring K[Σ] of Σ. We also introduced the notation |N Σ | = C∈Σ C ∩ Z d for the integral points in Σ. In the remaining part of this section we concentrate on the local cohomology of K [Σ] . We denote by −Σ the fan {−C : C ∈ Σ}. Note that H i m (K[Σ]) is naturally Z d -graded. At first we present a vanishing result of the local cohomology groups. 
Thus by induction on the dimension and another induction on the number of maximal cones in a fan we may assume that
Observe that this a subfan of Σ. Note that C . (Γ Σ(C) ) is a subcomplex of C . (Γ Σ ). We denote by C . (Γ star Σ (C) ) the factor complex C . (Γ Σ )/C . (Γ Σ(C) ) and by C . (Γ star Σ (C) ) = Hom Z (C . (Γ star Σ (C) ), K) . The corresponding homology and cohomology respectively is denoted by H i (Γ star Σ (C) ) and H i (Γ star Σ (C) ) respectively. Observe that for a ∈ relint(C) ∩ Z d we have star Σ (C) = {D ∈ Σ : a ∈ D}. Hence it makes sense to define slightly more generally for a ∈ Z d the star of a as star Σ (a) = {D ∈ Σ : a ∈ D}. Analogously we define Σ(a) and the complexes C . (Γ Σ(a) ), C . (Γ star Σ (a) ). Note that a ∈ |N Σ(a) |. By C . (Γ star Σ (−a) )[−1] we denote the complex C . (Γ star Σ (−a) ) left shifted with one position (that is C i (Γ star Σ (−a) )[−1] = C i−1 (Γ star Σ (−a) )). 
Observe that dim K (K[Σ] C ) a ≤ 1. Indeed, given two elements of (K[Σ] C ) a , multiplication by a common denominator of degree b yields two homogeneous elements of (K[Σ]) a+b . Since dim K (K[Σ]) a+b ≤ 1, they must be linearly dependent over K.
The exact sequence of graded K[Σ]-modules
as K-vector spaces, then the isomorphism on the module level follows.
If C ∈ star Σ (−a), then (q Σ(−a) C ) a = 0, because x −a ∈ q Σ(−a) becomes invertible in q Σ(−a) C and the inverse has degree a.
If C ∈ Σ(−a) we have to show that (q Σ(−a) C ) a = 0. Since the multiplicative system of homogeneous elements not in (p C ) does not contain elements of q Σ(−a) , the ideal q Σ(−a) C contains no units. Thus q Σ(−a) C = K[Σ] C . In particular, (q Σ(−a) C ) 0 = 0 as one easily verifies. Since multiplication by x −a is injective on q Σ(−a) , multiplication by x −a 1 is injective on q Σ(−a) C . On the other hand x −a 1 (q Σ(−a) C ) a ⊂ (q Σ(−a) C ) 0 = 0. We conclude that (q Σ(−a) C ) a = 0.
The final step is to show the isomorphism on the level of homomorphisms and hence we really get isomorphism of complexes of Z d -graded K-vector spaces. Consider C ′ ⊂ C, C ′ ∈ Γ i Σ and C ∈ Γ i+1 Σ . There are three possibilities: C ′ ,C ∈ Σ(−a), C ′ ,C ∈ star Σ (−a) or C ′ ∈ Σ(−a),C ∈ star Σ (−a). In the first case it is easy to see that the restriction of the dif-
is the same as the restriction of the differential ∂ a : (K[Σ(−a)] C ′ ) a → (K[Σ(−a)] C ) a in L . (Σ(−a) ). In the second case we identify ∂ a with the corresponding restriction of the differential of Hom Z (C t−1 (Γ star Σ (−a) ), K). In the third case we have to show that ∂ a = 0. We claim that (nat) a :
On the other hand, the ideal generated by x −a is contained in q Σ(−a) , and as we have seen above q Σ(−a)
1 is not invertible, it follows that y x −a 1 = 0. Then nat(y) nat( x −a 1 ) = 0, and since nat( x −a 1 ) = x −a 1 in K[Σ] C ′ is an invertible element, it follows that nat(y) = 0.
It follows from Proposition 4.4 that L . (Σ(−a) ) a is exact, because a ∈ |N −Σ(−a) |. Hence
Note that star Σ (C) is a partially ordered set with respect to inclusion. We denote by ∆(star Σ (C)) the order complex of star Σ (C) \ {C} which is the simplicial complex where the faces are the chains of star Σ (C) \ {C}. Let H i (∆(star Σ (C))) be the simplicial cohomology of the simplicial complex ∆(star Σ (C)) with coefficients in K. Lemma 4.6. With the above notation we have for i ∈ Z that H i (Γ star Σ (C) ) ∼ = H i−dimC (∆(star Σ (C))) and H i (Γ star Σ (C) ) ∼ = H i−dimC (∆(star Σ (C))).
Proof. It is well-known that there exist a rational pointed fan Σ ′ in R d−dimC such that the face poset of C ′ is isomorphic to star Σ (C). In fact, let ρ : 
is just the barycentric subdivision of C ′ . It follows from [3, Proposition 4.7.8] and [9, Theorem 6.2.3] that H j (Γ C ′ ) ∼ = H j (∆(star Σ (C))) for j ∈ Z. Analogously one shows the desired isomorphism for cohomology. This concludes the proof.
As a corollary we get a direct proof of the main result of [4] applied to toric face rings. For Stanley-Reisner rings the next formula is due to Hochster. 
Proof. By Proposition 4.4 we have H i m (K[Σ]) a = 0 for a ∈ |N −Σ |. Thus we only have to consider elements in |N −Σ |. The assertion follows now from Theorem 4.5 and Lemma 4.6.
This decomposition implies some corollaries like a Cohen-Macaulay criterion for toric face rings. For results in this direction see [4, Section 5].
THE CANONICAL MODULE
In this section we compute the Z d -graded dualizing complex for a toric face ring K[Σ]. If K[Σ] is Cohen-Macaulay we determine the Z d -graded canonical module of K[Σ]. This results are generalizations to those ones known for Stanley-Reisner rings (e.g. see [9] or [13, 14] for details) and affine monoid rings (e.g. see [9] or [16] for details).
At first observe that for a cone C in a rational pointed fan Σ the K-algebra
for t = 0, . . ., k and we consider the complex
where the differential is induced by the injection D . (Σ) → L . (Σ) . Observe that for a ∈ Z d we have D . (Σ) a ∼ = Hom Z (C .−1 (Γ star Σ (−a) ), K). We conclude that
Let (R, m) be a Z d -graded local ring, i.e. R is a Z d -graded ring, m the unique Z d -graded maximal ideal of R, and we assume that m is also a maximal ideal. By a dualizing complex in the category of Z d -graded R-modules we mean a complex of Z d -graded injective Rmodules
such that I . has finitely generated homology modules and the complex Hom R (K, I . ) is quasi-isomorphic to a certain homological shift of the complex 0 → K → 0. (For a comprehensive treatment we refer the reader to Chapter 15 in [11] .) We denote by Hom R (M, N) 
for t = 0, . . . , k, and that the differential π of D . (Σ) is the canonical projection multiplied with the incidence function on Σ. Proof. All L i are flat K[Σ]-modules, so · ⊗ K[Σ] L i is an exact functor. We have that Hom K (·, K) is an exact functor and it follows
is also exact. We deduce that all L i are injective K[Σ]-modules. If C = 0, then K ⊗ K[Σ]
Finally, the quasi-isomorphism between D . (Σ) and L . (Σ) follows from the quasi-isomorphism between D . (Σ) and L . (Σ) and that Hom K (·, K) is exact. 
We call a Z-grading on a toric face ring K[Σ] admissible, if with respect to this grading K[Σ] = i∈N K[Σ] i is a positively graded K-algebra such that K[Σ] 0 = K and all components K[Σ] i are direct sums of finitely many Z d -graded components. Corollary 5.3. Let Σ be a rational pointed fan in R d with dim Σ = k such that K[Σ] is Cohen-Macaulay and there exists an admissible Z-grading on K [Σ] . Let C 1 , . . . ,C t ∈ Σ be the k-dimensional cones. Choose a j ∈ relint(C j )∩Z d for j = 1, . . .,t, and let the degree of x a j be g j with respect to the Z-grading. Set h = lcm(g 1 , . . . , g t ). Then there exists an Z-graded embedding
Proof. We consider the composition of homomorphisms
The middle map is given by (componentwise) multiplication
The left homomorphism is injective by Corollary 5.2. The middle homomorphism is a direct sum of injective homomorphisms, so it is injective. The last one is injective since relint(C i ) ∩ relint(C j ) = / 0 for i = j. 
GORENSTEIN TORIC FACE RINGS
The goal of this section is to characterize Gorenstein toric face rings. For this we first introduce the following numbers. For a cone C in a rational pointed fan Σ let f i (star Σ (C)) be the number of i-dimensional cones in star Σ (C), and f i (∆(star Σ (C))) be the number of i-dimensional faces in the simplicial complex ∆(star Σ (C)). Using Lemma 4.6 we compute
The latter number is nothing else that the reduced Euler characteristic χ Σ (∆(star Σ (C))) of the simplicial complex ∆(star Σ (C)) and this motivates to define for C ∈ Σ: 
Note that then star Σ (a) = star Σ (C). Now the exact complex in Corollary 5.2 in degree a is isomorphic to the exact complex of K-vector spaces
Since the alternating sum of the dimensions must be 0, we get
Observe that the right hand side does not depend on the chosen a ∈ relint(C) ∩ Z d . The first conclusion follows since dim K K[Σ] a−σ ≤ 1 depending whether relint(C) ∩ Z d − σ is a subset of Supp(K[Σ], Z d ) or not. If σ = 0, then we always have relint(C)
Next we want to prove a converse statement to Theorem 6.1. We have to restrict the class of considered fans since we can not show the converse in full generality. (See the discussion after Theorem 6.4 below). For this we define a special class of Z d -graded rings. Definition 6.2. Let R be a Z d -graded ring. The ring R is called strongly graded in
We call a fan Σ strongly graded if K[Σ] is a strongly graded ring. Let M be a Z d -graded R-module such that dim K M a < ∞ for all a ∈ Z d . We denote by H M (t) = ∑ a∈Z n dim K M a t a the fine Hilbert series of M. In some cases two modules are isomorphic if they have the same fine Hilbert series. In fact, we can show a variant of [9, Lemma 5.6.3]. Proof. The proof is similar to the proof of [9, Lemma 5.6.3] . However, for the convenience of the reader we present the details to see where the assumption that K[Σ] is strongly graded is needed. There exists a non-zero Z d -graded homomorphism ϕ : K[Σ] → M of degree 0 induced by mapping 1 to some 0 = m 0 ∈ M 0 . We claim that ϕ is an isomorphism. For this we consider the exact sequence
Since K[Σ] and M have the same fine Hilbert series, also the fine Hilbert series of Ker ϕ and Coker ϕ coincide. Let m 0 , m 1 , . . ., m n be homogeneous generators of M such that ϕ(1) = m 0 , and such that the images of m 1 , . . ., m n under ϕ are a minimal system of generators of Coker ϕ. Now we claim that We need some further notation. For a ∈ Z n we let f i (a) be the number of i-dimensional cones in star Σ (a). Note that either we have a ∈ |N Σ | and thus a ∈ relint(C) for a unique C ∈ Σ. Then star Σ (a) = star Σ (C). Hence f i (a) = f i (star Σ (C)) for all i and we set χ Σ (a) = χ Σ (C) in this case. If a ∈ |N Σ |, then star Σ (a) = / 0 and thus f i (a) = 0. We set χ Σ (a) = 0 in this case, and we get χ Σ (a) = (−1) dimC ∑ dim Σ i=0 (−1) i f i (a) for all a ∈ Z d . Theorem 6.4. Let Σ be a rational pointed fan in R d . Assume that K[Σ] is strongly graded, Cohen-Macaulay and there exists σ ∈ Z d such that for all C ∈ Σ we have
is Gorenstein. For this we claim that the fine Hilbert series of ω K[Σ] (σ ) coincides with the one of K[Σ]. For a ∈ Z d , the exact sequence of Corollary 5.2 in degree a is isomorphic to the sequence of K-vector spaces
Since the alternating sum of the dimensions must be 0, it follows
If a ∈ |N Σ |, then we saw that χ Σ (a) = 0. (i) We note that the condition strongly graded is only needed in our proof to apply Lemma 6.3. If there is another reason to conclude that ω K[Σ] is isomorphic to K[Σ](−σ ) under the assumption that the fine Hilbert series of the considered modules coincide, then one can omit the assumption "strongly graded". (ii) A reduced K-algebra R may be the toric face ring of two fans such that R is strongly graded with respect to the first fan and not strongly graded with respect to the second fan. An example is the Gorenstein ring K[x, y, z]/(xz). It is the Stanley-Reisner ring of a simplicial complex ∆ with facets xy, yz and thus also the toric face ring of the fan associated to ∆ as constructed in [4, Example 3.2] . This fan is strongly graded (see below). But we could also consider the rational pointed fan Σ in R 2 with maximal cones cn((−1, 0), (0, 1)) and cn((1, 0), (0, 1)). Then In general a problem is that the multiplication of two monomials x a and x b is zero if a and b are interior elements of two different maximal cones of a fan Σ, while c = a + b may be an element of a third cone and thus x c = 0. Thus if e.g. the linear spaces of the maximal cones are in suitable general position to each other, then such problems can not occur and the fan will be strongly graded.
Let Σ be a rational pointed fan in R d such that the conditions in Theorem 6.4 are satisfied. Then K[Σ] is Gorenstein, strongly graded and ω K[Σ] ∼ = K[Σ](−σ ). A natural question is what one can say about σ . Since (ω K[Σ] ) σ = K[Σ] σ −σ = K[Σ] 0 = 0 we obtain from the exact sequence 0 → (ω K[Σ] ) σ → K f k (star Σ (σ )) → K f k−1 (star Σ (σ )) → · · · → K f 1 (star Σ (σ )) → K f 0 (star Σ (σ )) → 0. that, as in the proofs above, χ Σ (σ ) = ±1. In particular, we deduce that σ ∈ |N Σ | = Supp(K[Σ], Z d ).
Let C be a maximal cone in Σ, and a ∈ relint(C). Then χ Σ (a) = χ Σ (C) = 1 and thus K[Σ] a−σ = 0. Since σ , a − σ ∈ Supp(K[Σ], Z d ) and K[Σ] is strongly graded we have that K[Σ] σ K[Σ] a−σ = K[Σ] a = 0. It follows from the definition of the multiplication of elements in K[Σ], that σ ∈ C. Hence σ belongs to all maximal cones in Σ.
If star Σ (σ ) = Σ (i.e. σ = 0), then ω K[Σ] ∼ = K[Σ] and we saw already that in this case χ Σ (C) = (−1) dim Σ−dimC for all C ∈ Σ. Now consider star Σ (σ ) = Σ (i.e. σ = 0). Let C ∈ star Σ (σ ) and a ∈ relint(C). Then also a + σ ∈ relint(C). Since K[Σ] a+σ −σ = K[Σ] a = 0 we have χ Σ (a + σ ) = (−1) dim Σ−dimC . But χ Σ (·) is constant on relint(C) and we deduce χ Σ (C) = (−1) dim Σ−dimC and relint(C) ∩ Z d − σ ⊂ Supp(K[Σ], Z d ) for all C ∈ star Σ (σ ).
Let C ∈ Σ(σ ) and a ∈ relint(C). Then K[Σ] a ⊂ q Σ(σ ) , while K[Σ] σ ⊂ q Σ(σ ) . If we suppose K[Σ] a−σ = 0, then K[Σ] a = K[Σ] σ K[Σ] a−σ ⊂ q Σ(σ ) , which is a contradiction. We deduce χ Σ (C) = 0 and relint(C) ∩ Z d − σ ∩ Supp(K[Σ], Z d ) = / 0 for all C ∈ Σ(σ ).
All in all we proved the following 
(ii) For all cones C ∈ Σ we have
Moreover, then σ belongs to all maximal cones of Σ. Remark 6.7. Let C ∈ R d be a rational pointed cone. For the affine monoid ring K[C ∩Z d ], which is also the toric face ring associated to Fan(C), Danilov and Stanley showed that the canonical can be identified withe ideal generated by x a for a ∈ relint(C) ∩ Z d . See [9, Theorem 6.3.5] for details. A corresponding result for Cohen-Macaulay Stanley-Reisner rings does not hold with respect to its standard grading. In fact, the canonical module may even not be identified with an Z d -graded ideal of the given ring. See [9, Section 5.7] for a counterexample. Now let Σ be a rational pointed fan in R d and assume that K[Σ] is Gorenstein and strongly graded. Then ω K[Σ] ∼ = K[Σ](−σ ). Recall that Σ(σ ) = Σ \ star Σ (σ ) is a subfan of Σ. (Note that here σ is not to be read as "shift".) Consider the toric face ring K[Σ(σ )] = K[Σ]/q Σ(σ ) . Observe that Observe that usually this is not an isomorphism of K-algebras. E.g. let Σ = Fan(C) be the fan associated to one rational pointed cone C in R d . Then σ = 0 is an element of relint(C). Now K[Σ] is an integral domain, while K[Σ(σ )] has zero divisors and can not be a subalgebra of K[Σ] which would be the case if the isomorphism above is a ring homomorphism in an obvious way.
